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Based on the new version of the gedanken experiment proposed by Sorce and Wald, we investigate the weak
cosmic censorship conjecture (WCCC) for Reissner-Nordstro¨m-AdS (RN-AdS) black holes under the second-
order approximation of the perturbation that comes from the matter fields. First of all, we propose that the
cosmological constant is a portion of the matter fields. It means that the cosmological constant can be seen as a
variable, and its value will vary with the process of the perturbation. Moreover, we assume that the perturbation
satisfies the stability condition, which states that after the perturbation, the spacetime geometry also belongs to
the class of RN-AdS solutions. Based on the stability condition and the null energy condition, while using the
method of the off-shell variation, the first two order perturbation inequalities are derived. In the two inequalities,
the term which contains the thermodynamic pressure and volume is involved firstly. Furthermore, based on the
first-order optimal option and the second-order inequality, the WCCC for nearly extremal RN-AdS black holes is
examined. It is shown that considering the cosmological constant varying with the perturbation, the WCCC for
RN-AdS black holes cannot be violated under the second-order approximation of the matter fields perturbation.
I. INTRODUCTION
The existence of black holes has been predicted by Gen-
eral Relativity. For most black holes, there is a gravitational
singularity at the center. Normally, the singularity should be
surrounded by the event horizon and hidden inside the black
hole. It is because the singularity can make the divergence
of the spacetime curvature and destroy the law of causality.
If the event horizon vanishes and the naked singularity is ex-
posed to the spacetime, the geometry of the spacetime cannot
be mathematically well defined. In order to avoid this situa-
tion, Penrose [1] proposed the weak cosmic censorship con-
jecture (WCCC), it states that the singularity should be hidden
inside the black hole and the observer at infinity cannot detect
any information about it.
Although the WCCC is generally suggested for any black
hole, there is not a general procedure to prove the validity
of the conjecture. In addition, the validity examination of
the WCCC also depends on the selected research method. In
1974, Wald [2] first proposed a gedanken experiment to exam-
ine the WCCC for nearly extremal Kerr-Newman (KN) black
holes. It states that considering a process that a test particle
carrying sufficient charges and angular momentum falls into
the black hole, if the particle is absorbed by the black hole,
the black hole can overcharge (or overspin) and violate the re-
quirement of the WCCC. However, the results show that the
particle cannot be captured by the black hole due to electro-
magnetic and centrifugal repulsion force. It means that the
WCCC for nearly extremal KN black holes cannot be violated
at the end of the process. Since then, based on the method
proposed by Wald, the WCCC for many kinds of black holes
has been examined through considering black holes capture a
test particle or a wave packet of a classical field [3–7]. How-
ever, this method has an inherent defect because considering
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the process of the particle dropping into the black hole, the
black hole is just treated as a background spacetime. In other
words, the interaction between the test particle and the space-
time of the black hole is neglected during the process. More-
over, Hubeny [8] used this method to demonstrate that if one
suitably chooses a particle and make it falling into Reissner-
Nordstro¨m (RN) black holes, the particle can be captured by
the black hole, and the black hole will be overcharged. There-
fore, the WCCC can be violated under the process. From this
example, it strengthens to illustrate that when ignoring the in-
teraction between the spacetime and test particle, the process
of argumentation for the validity of the WCCC has not been
given sufficient consideration.
To resolve the inherent in the above method and make the
process that the matter drops into the black hole more fully
to be considered, the two effects which are the self-force and
the back-reaction have been respectively added in the method.
Based on the two effects, the WCCC has been proven to hold
for Kerr black holes and RN black holes respectively [9–12].
Recently, Sorce and Wald [13] proposed a new version of the
gedanken experiment to examine the WCCC for KN black
hole. The matter fields which occur a finite region outside
the black hole and sufficiently couple to the spacetime have
been considered. The matter fields and the spacetime can be
seen as a dynamical system, and the process that the matter
fields fall into the black hole can be regarded as a complete
dynamic evolution process. Besides, an important assumption
is proposed, which states that when the matter fields drop into
the black hole, the configuration of spacetime also belongs to
the class of KN solutions at the sufficient late times. Based
on the assumption, it is shown that under the second-order
approximation of the matter fields perturbation, the WCCC
cannot be violated. After that, using this method, the WCCC
for other kinds of black holes is examined to be valid [14–17].
However, for previous studies, only the black holes, which the
asymptotic topology is flat, have been investigated, but the sit-
uation that the cosmological constant is contained in the black
hole spacetime has not been studied. Therefore, we would like
to use the method proposed by Sorce and Wald to investigate
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2the WCCC for RN-AdS black holes.
The cosmological constant plays an important role to deter-
mine the asymptotic topology of a black hole spacetime. In
the theory of Einstein’s gravity, the cosmological constant is
normally regarded as a constant. However, any constant in the
physics theory is not fixed a priori [18]. The renormalization
group theory points out that the value of the coupling constant
for the Yukawa and the gauge theory depends on the energy
scale, which can increase or decrease with the change of the
energy scale. The Newton’s constant can also change with
the expansion of the universe. Therefore, we cannot directly
assume that the cosmological constant is a constant. Actu-
ally, there are a lot of works to regard the cosmological con-
stant as a dynamic variable, especially in the investigation of
the black hole thermodynamics [19–23]. For the black hole
thermodynamics, when the cosmological constant is consid-
ered as a thermodynamic variable, the phase space of ther-
modynamics can be extended, which is called the extended
phase space. In the phase space, the cosmological constant is
connected with the thermodynamic pressure, and the quantity
conjugate with pressure in the first law of the thermodynamics
is called thermodynamic volume. Based on it, using the previ-
ous method, i.e., a test particle is absorbed by the black hole,
the WCCC for some AdS black holes has been examined in
the extended phase space [24–30]. Although the cosmologi-
cal constant is considered as a variable in these investigations,
the particle and the spacetime do not regard as a complete
dynamical system as mentioned above. Therefore, in our re-
search, based on the perspective proposed by Sorce and Wald,
while the cosmological is regarded as a dynamical variable,
we would like to examine the WCCC for RN-AdS black holes
under the second-order approximation of the perturbation that
comes from the matter fields.
The organization of the paper is as follows. In Sec. II,
we discuss the spacetime geometry of RN-AdS black holes
under the matter fields perturbation. In Sec. III, based on
the new version of the gedanken experiment, we derive the
first- and the second-order perturbation inequalities for the
RN-AdS black hole. In Sec. IV, using the first-order opti-
mal option and the second-order perturbation inequality, we
examine the WCCC for nearly extremal RN-AdS black holes
under the second-order approximation of the matter fields per-
turbation. The paper ends with discussions and conclusions in
Sec. V.
II. PERTURBED GEOMETRY OF RN-ADS BLACK HOLES
Considering the four-dimensional Einstein-Maxwell-AdS
gravitational theory, the Lagrangian four-form is given by
L=
1
16pi
(
R−2Λ−FabFab
)
, (1)
whereF = dA is the electromagnetic strength,A is the vector
potential of the electromagnetic field, R is the Ricci scalar, and
Λ is the cosmological constant with negative value. From the
Lagrangian, a class of static spherically symmetric solutions
describing RN-AdS black holes is
ds2 =− f (r)dv2+2dvdr+ r2 (dθ 2+ sin2 θdφ 2) ,
A=−Q
r
dv, F =
Q
r2
dr∧dv,
(2)
where
f (r) = 1− 2M
r
+
Q2
r2
− Λr
2
3
(3)
is the blackening factor. The parameters M and Q are asso-
ciated with the physical mass and electric charge of the black
hole. The radius of the event horizon rh is corresponding to
the largest root of the equation f (r) = 0. Furthermore, the
surface gravity, the area of the event horizon, and the electric
potential are given as follows:
κ =
f ′ (rh)
2
, AH = 4pir2h, ΦH =
Q
rh
. (4)
Subsequently, we would like to consider a process that mat-
ter fields outside the black hole pass through the event horizon
and drop into the black hole. In the process, we propose an as-
sumption that the cosmological constant can be regarded as an
effective parameter determined by the matter source coupled
to the Einstein-Maxwell gravity. Under this assumption, the
matter fields and the spacetime of black holes can be treated as
a complete dynamical system, the Lagrangian for the system
can be rewritten as
L=
1
16pi
(
R−FabFab
)
+Lmt, (5)
where Lmt represents the Lagrangian of the matter fields. The
Einstein-Maxwell-AdS gravity can be efficiently derived from
above Lagrangian if there is a stable solution of the matter
fields such that
Tab =
Λ
8pi
gab , (6)
where Tab is the stress-energy tensor of the matter fields. Since
the cosmological constant is contained in the matter fields, its
value will change with the matter fields falling into the black
hole. In other words, the cosmological constant can be seen
as a variable during the process. When the cosmological con-
stant is regarded as a variable, it will relate to the thermody-
namic pressure according the black hole thermodynamics in
the extended phase space. While based on the first law of
thermodynamics in the space, the quantity conjugate with the
pressure is defined as a thermodynamic volume. Therefore,
utilizing the radius of the event horizon again, the thermody-
namic pressure and volume can be expressed as
P=− Λ
8pi
, VH =
4
3
pir3h . (7)
To simplify this discussion, we only consider the configura-
tion of matter fields is spherically symmetric. The configura-
tions of the metric gab, electromagnetic fieldA, and the matter
fields can be uniformly labeled as a symbol ϕ . The changing
3behavior of the field configurations with the process can be de-
scribed by the one-parameter family, i.e., ϕ(λ ). When λ = 0,
the configuration ϕ(0) represents the background spacetime
which is a RN-AdS black hole. If the value of λ is small
enough, the process can be treated as a perturbation. In this
parameter family, the equation of motion can be written as
Rab(λ )− 12R(λ )gab(λ ) = 8pi
[
TEMab (λ )+Tab(λ )
]
,
∇(λ )a Fba(λ ) = 4pi ja(λ ).
(8)
where TEMab is the stress-energy tensor of the electromagnetic
field as follows:
TEMab =
1
4pi
[
FacFbc− 14gabFcdF
cd
]
. (9)
During the process of the perturbation, the spacetime ge-
ometry can be generally described as
ds2 =− f (v,r,λ )dv2+2µ(v,r,λ )dvdr+r2(dθ 2+sin2 θdφ 2),
(10)
where µ(v,r,λ ) is a function of arbitrary form. When
f (v,r,0) = f (r) and µ(v,r,0) = 1, the metric will degenerate
into the background spacetime.
Based on the same perspective as Sorce and Wald, we only
focus on the case that the perturbation is vanishing on the bi-
furcation surface B and satisfying a stability condition. The
stability condition states that at the sufficiently late times, the
spacetime geometry can also be described by the class of RN-
AdS solutions, just the parameters M, Q, and Λ are all re-
placed to M(λ ), Q(λ ), and Λ(λ ), i.e.,
ds2(λ ) =− f (r,λ )dv2+2dvdr+ r2 (dθ 2+ sin2 θdφ 2) ,
A(λ ) =−Q(λ )
r
dv, F (λ ) =
Q(λ )
r2
dr∧dv,
(11)
where the blackening factor f (r,λ ) can be written as
f (r,λ ) = 1− 2M(λ )
r
+
Q2(λ )
r2
− Λ(λ )r
2
3
. (12)
Besides, according to the stability condition, the stress-energy
tensor of the matter fields at sufficiently late times should be
given as
Tab(λ ) =
Λ(λ )
8pi
gab(λ ) . (13)
To ensure above properties of the spacetime and the matter
fields, the current which contains the matter fields with the en-
ergy, the electric charge, and the cosmological constant must
pass through a finite portion of the future event horizon and
entry into the black hole. Therefore, we can always choose a
hypersurface Σ=H ∪Σ1. HereH is a part of the event hori-
zon which is starting from the bifurcation surface and contin-
uing up the future horizon until a two-dimensional cross sec-
tion B1 at sufficient late times, and Σ1 is starting from B1 and
along the time-slice to go to the infinity. In this choice, the
hypersurface Σ is independent on the parameter λ . It means
that rh is only the radius of the event horizon of the back-
ground spacetime. According to the stability condition, the
spacetime geometry on the hypersurface Σ1 can be described
by Eq. (11).
III. DERIVATION OF THE PERTURBATION
INEQUALITIES
Starting from this section, we will examine the WCCC for
RN-AdS black holes under the perturbation that comes from
the matter fields. Before examination the WCCC, we should
derive the first- and the second-order perturbation inequali-
ties. To obtain the two perturbation inequalities, we will con-
sider the off-shell variation of the Einstein-Maxwell gravi-
tational theory based on Iyer-Wald formalism [31]. We fo-
cus on a general diffeomorphism-covariant theory on a four-
dimensional spacetime with the Lagrangian four-form L. In
the Einstein-Maxwell gravity, the dynamical fields consist of
a Lorentz signature metric gab and the electromagnetic field
A. As mentioned above, we use the symbol φ to represent the
collection of the dynamical field operators, i.e., φ = (gab,A).
When considering the perturbation of the spherically symmet-
ric matter fields, the changing behavior of the configuration of
the fields can be described by the one-parameter family, i.e.,
φ(λ ). Moreover, the variation of the quantity η related to the
field φ is defined by
δη =
dη(λ )
dλ
∣∣∣∣
λ=0
, δ 2η =
d2η(λ )
dλ 2
∣∣∣∣
λ=0
. (14)
Using the method of the off-shell variation, the variation of L
can be generally given by
δL=Eφδφ +dΘ(φ ,δφ), (15)
where Eφ = 0 is the equation of motion of the on-shell fields
related to the Lagrangian L, and Θ is called the symplectic
potential three-form which is locally constructed out of φ and
its derivatives. For Einstein-Maxwell gravity, the Lagrangian
is
L=
1
16pi
(
R−FabFab
)
 . (16)
According to Eq. (15), the expressions of the Eφ and Θ are
formally given by
E(φ)δφ =−
[
1
2
T abδgab+ jaδAa
]
, (17)
and
ΘGRabc(φ ,δφ) =
1
16pi
dabcgdeg f g
(
∇gδge f −∇eδg f g
)
,
ΘEMabc(φ ,δφ) =−
1
4pi
dabcFdeδAe ,
(18)
with
Tab =
1
8pi
(
Rab− 12Rgab
)
−TEMab , ja =
1
4pi
∇aFba , (19)
where Tab and ja can be treated as the stress-energy tensor and
the electric current of the matter fields. For the background
spacetime, the stress-energy tensor has the form as Eq. (6).
Based on the symplectic potential, the symplectic current
three-form is defined as
ω (φ ,δ1φ ,δ2φ) = δ1Θ(φ ,δ2φ)−δ2Θ(φ ,δ1φ) . (20)
4Since the symplectic potential can be linearly decomposed as
the gravity part and electromagnetic part, the symplectic cur-
rent can be decomposed the two parts as well, i.e.,
ω = ωGR+ωEM. (21)
The specific expressions of the two parts are respectively
given as
ωGRabc =
1
16pi
dabcwd ,
ωEMabc =
1
4pi
[
δ2
(
dabcFde
)
δ1Ae−δ1
(
dabcFde
)
δ2Ae
]
,
(22)
where we have denoted
wa = Pabcde f
(
δ2gbc∇dδ1ge f −δ1gbc∇dδ2ge f
)
(23)
with
Pabcde f = gaeg f bgcd− 1
2
gadgbeg f c− 1
2
gabgcdge f
− 1
2
gbcgaeg f d+
1
2
gbcgadge f .
(24)
Let ζ a be a generator of the deffeomorphism. Replacing δ
withLζ in Eq. (15), one can define the Noether current three-
form Jζ associated with ζ a,
Jζ =Θ
(
φ ,Lζφ
)−ζ ·L. (25)
On the other hand, it was shown in Ref. [2] that the Noether
current can also be formally written as
Jζ =Cζ +dQζ , (26)
whereQζ is called the Noether charge andCζ = ζ aCa are the
constraints of the theory. When Ca = 0, the dynamical fields
will satisfy the equation of motion. In the theory of Einstein-
Maxwell gravity, the Noether charge can also be decomposed
into two parts which represent the conservation charge of the
gravity and the electromagnetic respectively, i.e.,
Qζ =Q
GR
ζ +Q
EM
ζ , (27)
where the specific expression of the QGRζ and Q
EM
ζ can be
given as (
QGRζ
)
ab
=− 1
16pi
abcd∇cζ d ,(
QEMζ
)
ab
=− 1
8pi
abcdFcdAeζ e,
(28)
and the constraints are defined as
Cabcd = ebcd (Tae+Aa je) . (29)
Due to the perturbation that comes from the spherically
symmetric matter fields, we consider the diffeomorphism gen-
erated by the static Killing vector field ξ a = (∂/∂v)a on the
background geometry. By virtue of the diffeomorphism, we
can choose a gauge such that the coordinates (v,r,θ ,φ) are
fixed under the variation. It means that the Killing vector is
invariable during the process of the perturbation, i.e., δξ a= 0.
Taking the first-order variations on Eq. (25) and Eq. (26), one
can obtain the first-order variational identity,
d
[
δQξ −ξ ·Θ(φ ,δφ)
]
=ω
(
φ ,δφ ,Lξφ
)−ξ ·Eφδφ−δCξ .
(30)
After that, taking the variation on above equality again and
using the fact that Lξφ = 0 for the background fields, the
second-order variational identity can be also obtained as
d
[
δ 2Qξ −ξ ·δΘ(φ ,δφ)
]
= ω
(
φ ,δφ ,Lξδφ
)−ξ ·Eφδ 2φ −ξ ·δEφδφ −δ 2Cξ .(31)
Next, we will calculate the integral from of the first- and the
second-order variational identity respectively. For the first-
order variational identity, integrating it on the hypersurface Σ
and utilizing the conditionLξφ = 0, we have∫
Σ
d
[
δQξ −ξ ·Θ(φ ,δφ)
]
+
∫
Σ
ξ ·Eφδφ +
∫
Σ
δCξ = 0 .
(32)
Following the similar consideration in Ref. [13], we impose
the gauge condition of the electromagnetic field such that
ξ aδAa = 0 on the event horizon H . According to the cal-
culation in Appendix A, the integral form of the first-order
variational identity can be obtained as
δM−ΦH δQ−VH δP= δ
[∫
H
˜µ(v,rh)Tabξ a(dr)b
]
.(33)
To obtain the first-order perturbation inequality, we should
find out the relation between the right-hand side of Eq. (33)
and the null energy of the matter fields. Since we consider the
perturbation that comes from the spherically symmetric mat-
ter fields, a null vector field during the perturbation can be
chosen as
la(λ ) = ξ a+β (λ )ra, (34)
where
ra =
(
∂
∂ r
)a
, β (λ ) =
f (v,rh,λ )
2µ(v,rh,λ )
. (35)
The null energy condition under the process can be expressed
as
Tab(λ )la(λ )lb(λ )≥ 0. (36)
It can be demonstrated that the null energy condition satisfied
the following relation
Tab(λ )la(λ )lb(λ )
= µ(v,rh,λ )Tab(λ )ξ a(dr)b+β (λ )2Tab(λ )rarb.
(37)
Considering the fact β (0) = 0 for the background spacetime,
the null energy condition under the first-order approximation
5of the perturbation can be obtained as∫
H
Tab(λ )la(λ )lb(λ )dv∧ ˜
' λδ
[∫
H
˜µ(v,rh)Tabξ a(dr)b
]
≥ 0.
(38)
Substituting Eq. (38) into Eq. (33), the integral form of the
first-order variational identity can be reduced as
δM−ΦH δQ−VH δP≥ 0. (39)
This inequality is called the first-order perturbation inequality.
In our investigation, we wish to examine the WCCC for
RN-AdS black holes under the second-order approximation
of the matter fields perturbation. When the first-order inequal-
ity is satisfied, we can demonstrate the WCCC cannot be vi-
olate under the first-order approximation, while the higher-
order approximation can be largely neglected. However, if
the first-order perturbation inequality is chosen as an optimal
option, i.e.,
δM−ΦH δQ−VH δP= 0, (40)
the WCCC will not be examined only considering the first-
order approximation. In this situation, the second-order ap-
proximation of the perturbation should be involved. Be-
sides, this optimal condition also implies that the energy flux
through the event horizon vanishes under the first-order ap-
proximation.
To consider the second-order approximation of the pertur-
bation, we should derive the second-order perturbation in-
equality. Analogous to derive the first-order perturbation in-
equality, we can obtain the integral form of the second-order
variational identity. Integrating Eq. (31) on the hypersurface
Σ, we have∫
Σ
d
[
δ 2Qξ −ξ ·δΘ(φ ,δφ)
]
= EΣ1(φ ,δφ)+EH (φ ,δφ)
−
∫
Σ
δ
(
ξ ·Eφδφ
)−∫
Σ
δ 2Cξ ,
(41)
where we denote
E Σ1(φ ,δφ) =
∫
Σ1
ω
(
φ ,δφ ,Lξδφ
)
,
EH (φ ,δφ) =
∫
H
ω
(
φ ,δφ ,Lξδφ
)
.
(42)
According to the calculation in Appendix B, the second-order
variational identity can reduce to
δ 2M−ΦH δ 2Q−VH δ 2P= EΣ1(φ ,δφ)+Y (φ ,δφ)
+δ 2
[∫
H
˜µ(v,rh)
(
TEMab +Tab
)
(dr)aξ b
]
,
(43)
where we have defined
Y (φ ,δφ) =
1
8pi
∫
Sc
abcdδFcdδAeξ e . (44)
Therefore, the calculation of the integral form of the
second-order variational identity only remains to evaluate
EΣ1(φ ,δφ) and Y (φ ,δφ). According to the calculation in
Appendix C, we can obtain the sum of two terms as
EΣ1(φ ,δφ)+Y (φ ,δφ) =
δQ2
rh
. (45)
Substituting Eq. (45) into Eq. (43), the integral form of the
second-order variational identity can be written as
δ 2M−ΦH δ 2Q−VH δ 2P− δQ
2
rh
= δ 2
[∫
H
˜µ(v,rh)
(
TEMab +Tab
)
(dr)aξ b
]
.
(46)
According to Eq. (37) and Tab(0) = 0 for the background
spacetime, while using the optimal option of the first-order
approximation, the null energy condition under the second-
order approximation can be expanded as∫
H
Tab(λ )la(λ )lb(λ )dv∧ ˜
' λ
2
2
δ 2
(∫
H
˜µ(v,rh)Tab(dr)aξ b
)
≥ 0.
(47)
Finally, using the result of Eq. (47), Eq. (46) can be reduced
as
δ 2M−ΦH δ 2Q−VH δ 2P− δQ
2
rh
≥ 0. (48)
It is called the second-order perturbation inequality.
IV. GEDANKEN EXPERIMENT TO EXAMINE THE
WCCC FOR A NEARLY EXTREMAL RN-ADS BLACK
HOLE
In this section, we will perform two perturbation inequali-
ties to examine the WCCC for nearly extremal RN-AdS black
holes under the second-order approximation of the perturba-
tion. Due to the stability condition, the spacetime geometry
on the hypersurface Σ1 can still belong to the class of RN-
AdS solutions. If the geometry on Σ1 can be described by the
metric of RN-AdS black holes, it will demonstrate that the
WCCC cannot be violated after the perturbation. This issue
is equivalent to check whether the event horizon exists at the
end of the perturbation. From Fig.1, it is shown that the event
horizon exists only if the minimal value of the function f (r)
is negative. When the minimal value becomes positive, the
event horizon will disappear and the naked singularity will be
exposed to spacetime. It means that examining the WCCC
for RN-AdS black holes is equivalent to check the sign of the
minimal value of the blackening factor f (r,λ ) in Eq. (12).
Therefore, we define a function
h(λ ) = f (rm(λ ),λ ) (49)
to represent the minimal value of blackening factor after the
perturbation. In which, rm(λ ) is defined as the position of the
minimal value of f (r,λ ), and it can be determined by
∂r f (rm(λ ),λ ) = 0 . (50)
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FIG. 1. Plot showing the radial dependence of blackening factor f (r) for different values of electric charge Q (left panel) and cosmological
constant Λ (right panel). In the left panel, we have set M = 1 and Λ=−1. In the right panel, we have set M = 1 and Q= 0.8
From Eq. (50), the relation between the mass M and the posi-
tion of the minimal value rm can be given as
M =
3Q2+ r4mΛ
3rm
. (51)
Considering the second-order approximation of the perturba-
tion, we can expand the function h(λ ) with respect to the pa-
rameter λ at λ = 0. The specific expression of h(λ ) under the
second-order approximation is
h(λ ) =
r2m−Q2− r4mΛ
r2m
− 2λ
rm
(
δM− Q
rm
δQ+
r3m
6
δΛ
)
− λ
2
rm
[
δ 2M− Q
rm
δ 2Q+
r3m
6
δ 2Λ+
(
Q2
r3m
− rmΛ
)
δ r2m
]
λ 2
(
δQ2+2δMδ rm
r2m
− 2rmδ rmδΛ
3
− 4QδQδ rm
r3m
)
.
(52)
Taking the first-order variation on Eq. (50), we can get
δ rm =
r2m
r2mΛ−Q2
(
δM− 2qδQ
rm
− r
3
mδΛ
3
)
. (53)
Following a similar setup with Ref. [13], we consider the
case that the radius of the event horizon rh and the position of
the minimal value rm satisfy a reliation rm = (1− ε)rh where
the parameter ε is small enough which is chosen to agree with
the first-order approximation of the matter fields perturbation.
Combining the relation with Eq. (50), one can obtain
f ′ (rh) = εrh f ′′ (rh) (54)
under the first-order approximation of ε . Meanwhile, the min-
imal value of f (r) under the second-order approximation of ε
can also be expressed as
f (rm) = f (rh(1− ε))
'−εrh f ′(rh)+
ε2r2h
2
f ′′(rh)
=−1
2
ε2r2h f
′′(rh) ,
(55)
which gives the following expression
r2m−q2− r4mΛ
r2m
=
(
1− 2Q
2
r2h
)
ε2 . (56)
Utilizing the optimal option of the first-order approxima-
tion and the second-order perturbation inequality, while com-
bining above results, the minimal value of f (r,λ ) under the
second-order approximation can reduce to
h(λ )≤
(
1− 2Q
2
r2h
)
ε2+
λε
r2h
(
2QδQ+ r4hδΛ
)
+
λ 2
(
2QδQ+ r4hδΛ
)2
4r2h(Λr
6
h−Q2)
.
(57)
Solving the equations f ((1+ ε)rm) = 0 and f ′(rm) = 0 under
the zero-order approximation of ε , we have
Λ=
r2m−Q2
r4m
, M =
2Q2+ r2m
3rm
. (58)
Substituting Eq. (58) into Eq. (57), the expression of h(λ )
under the second-order approximation can be rewritten as
h(λ )≤− (2QδQλ + r
4
mδΛλ −4Q2ε+2r2mε)2
2r6m f ′′(rm)
. (59)
Since rm is the minimal value of f (r), we have f ′′(rm) > 0.
Therefore, Eq. (59) means that the value of h(λ ) is negative,
i.e., h(λ ) ≤ 0. This result implies that the event horizon of
7RN-AdS black holes still exists after the perturbation, and the
WCCC cannot be violated under the second-order approxima-
tion of the matter fields perturbation.
V. CONCLUSIONS
Based on the new version of the gedanken experiment pro-
posed by Sorce and Wald, we examine the validity of the
WCCC for RN-AdS black holes under the second-order ap-
proximation of the perturbation that comes from the spheri-
cally symmetric matter fields. The matter fields are considered
to be sufficiently coupled to the black hole spacetime, and the
cosmological constant is regarded as a portion of the matter
fields. It implies that the cosmological constant can be seen as
a dynamical variable, its value can vary with the matter fields
perturbing to the black hole. To examine the WCCC after the
perturbation, we propose the stability condition which states
that the spacetime geometry still belongs to the class of static
spherically symmetric solutions describing RN-AdS solutions
at sufficiently time. Based on the stability condition and the
null energy condition, the first two order perturbation inequal-
ities are obtained. In the expressions of the two inequalities,
since the cosmological constant is treated as a variable, the
inequalities are first extended to the case containing the ther-
modynamic pressure and volume. Utilizing the first-order op-
timal option and the second-order perturbation inequality, to-
gether with the stability condition and the null energy condi-
tion, the WCCC for nearly extremal RN-AdS black holes after
the second-order approximation of the perturbation is exam-
ined. It is shown that under the second-order approximation,
the event horizon of the RN-AdS black hole still exits, and the
naked singularity does not appear in the spacetime. This re-
sult sufficiently illustrates that the WCCC cannot be violated
under the second-order approximation of the matter fields per-
turbation.
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APPENDIX A: DERIVATION OF THE FIRST ORDER
VARIATIONAL IDENTITY
In this Appendix, we would like to calculate the integral
form of the first-order variational identity on the hypersurface
Σ in Eq. (32). Using the property Σ=H ∪Σ1 and the Stoke’s
theorem, it can be written as∫
Sc
δ
[
Qξ −ξ ·Θ(φ ,δφ)
]−∫
B
δ
[
Qξ −ξ ·Θ(φ ,δφ)
]
+
∫
Σ1
ξ ·Eφδφ +
∫
Σ1
δCξ +
∫
H
δCξ = 0 .
(60)
After regarding the cosmological constant as a dynamical
quantity, the divergence will appear in the result of the in-
tegration at the asymptotic infinity. Therefore, we choose a
cut-off sphere Sc with radius rc to replace the boundary of the
asymptotic infinity of Σ1. In the finial results, we will take the
limitation such that Sc approaches asymptotic infinity again.
According to the assumption introduced in Section II, we pro-
pose that the perturbation is vanishing on the bifurcation sur-
face B. Therefore, the second term in Eq. (60) can be directly
neglected. Following a similar setup in Ref. [13], we also
impose the gauge condition of the electromagnetic field such
that ξ aδAa = 0 onH , which implies that we cannot directly
perform
A˜(λ ) =−Q(λ )
r
dv (61)
to calculate some quantities related to δA and δ 2A on the hy-
persurface Σ1. However, since F (λ ) is gauge invariant, it is
reasonable for us to calculate the quantities on Σ1 using the ex-
plicit expressions of the electromagnetic strength in Eq. (11).
The volume element of the spacetime on Σ1 can be written as
(λ ) = r2 sinθdt ∧dr∧dθ ∧dφ , (62)
which implies that δ = 0. From Eq. (17), the stress-energy
and electric current of the matter fields on Σ1 can be expressed
as
Tab(λ ) =
Λ(λ )
8pi
gab(λ ) , ja(λ ) = 0 . (63)
Firstly, we turn to calculate the integrations on the hyper-
surface Σ1. For the third term of Eq. (60), substituting Eq.
(17) into it, we have∫
Σ1
ξ ·Eφδφ =−
∫
Σ1
ξ ·
[
1
2
T abδgab+ jaδAa
]
=
Λ
16pi
∫
Σ1
ξ ·gabδgab ,
(64)
where we have used Eq. (63). Based on the specific expres-
sion of the metric in Eq. (11), we can prove the following
relation
gab(λ )
dgab(λ )
dλ
= 0 . (65)
It means that the integral of the third term is equal to zero.
For the fourth term of Eq. (60), we first derive the specific
expression of the constraints on Σ1. According to Eq. (29),
we can obtain
[Cξ (λ )]bcd = ebcd [Tae(λ )ξ a+Aa(λ ) je(λ )ξ a]
=
Λ(λ )r2 sinθ
8pi
(dr)b∧ (dθ)c∧ (dφ)d .
(66)
The fourth term can further be obtained as∫
Σ1
δCξ =
∫ rc
rh
r2δΛ
2
dr = (Vc−VH)δP , (67)
where we have denoted
Vc =
4
3
pir3c . (68)
8For the fifth term of Eq. (60), using Aaξ a|H = −ΦH , we
have∫
H
δCξ = δ
∫
H
[ebcd (T ea ξ
a+Aaξ a je)]
=−δ
(∫
H
˜µ (v,rh)Taeξ a(dr)e
)
−ΦH δ
(∫
H
ebcd je
)
,
(69)
where we have denoted the volume element of the event hori-
zon H as ˜ = dv∧ ˆ, and ˆ = r2 sinθdθ ∧ dφ is the volume
element of the section of the event horizon. Since the pertur-
bation satisfies the stability condition, all charges contained in
the matter fields should pass throughH and fall into the black
hole. From this perspective, according to the electromagnetic
current of the matter fields in (19), we can further obtain
δ
(∫
H
ebcd je
)
=
1
4pi
δ
(∫
H
ebcd∇aFea
)
=
1
8pi
δ
(∫
B1
ebcdFeb−
∫
B
ebcdFeb
)
=δQ.
(70)
Therefore, Eq. (69) can be reduces to∫
H
δCξ =−δ
(∫
H
˜µ (v,rh)Taeξ a(dr)e
)
−ΦHδQ . (71)
Finally, we consider the first term of Eq. (60). This term can
be linearly decomposed into the gravitational part and electro-
magnetic part because the Noether charge and the symplectic
potential are both linearly decomposed as the two parts. For
the gravitational part, combining Eq. (18) with Eq. (28), while
using the explicit expression of the metric in Eq. (11), we can
obtain
dQGRξ (λ )
dλ
−ξ ·ΘGR
(
φ(λ ),
dφ(λ )
dλ
)
=
1
4pi
(
M′(λ )+
r3Λ′(λ )
6
− Q(λ )Q
′(λ )
r
)
sinθdθ ∧dφ .
(72)
Integrating it on the cut-off sphere Sc, we have∫
Sc
[
δQGRξ −ξ ·ΘGR(φ ,δφ)
]
= δM−VcδP , (73)
For the electromagnetic part, as mentioned above, we have
not the specific expression of A(λ ) to evaluate δA and δ 2A
on Σ1. Therefore, we only perform the specific expressions
of the electromagnetic strength in Eq. (11) to evaluate this
part. According to the electromagnetic part in Eq. (18) and
Eq. (28), we can derive the integrated as[
dQEMξ (λ )
dλ
−ξ ·ΘEM
(
φ(λ ),
dφ(λ )
dλ
)]
ab
=− 1
8pi
abcd
(
dFcd(λ )
dλ
Ae(λ )ξ e+Fcd(λ )
dAe(λ )
dλ
ξ e
−2Fae(λ )ξ bAe(λ )
dλ
)
,
(74)
on the hyersurface Σ1. Utilizing the expression of the elec-
tromagnetic strength in Eq. (11), we can further obtain the
following relation
abcdFcd(λ )
dAe(λ )
dλ
ξ e = 2abcdFae(λ )ξ b
dAe(λ )
dλ
= 2Q(λ )ξ e
dAe(λ )
dλ
sinθ(dθ)a∧ (dφ)b .
(75)
Based on the relation, Eq. (74) can be reduced to[
dQEMξ (λ )
dλ
−ξ ·ΘEM
(
φ(λ ),
dφ(λ )
dλ
)]
ab
=− 1
8pi
abcd
dFcd(λ )
dλ
Ae(λ )ξ e .
(76)
Therefore, the integral of the electromagnetic part of the first
term can be further calculated∫
Sc
[
δQEMξ −ξ ·ΘEM(φ ,δφ)
]
=− 1
8pi
∫
Sc
abcdδFcdAeξ e
=
1
4pi
∫
Sc
QδQ
r
sinθdθ ∧dφ
= 0.
(77)
Summing above results, the first-order variational identity
can be expressed as
δM−ΦHδQ−VHδP= δ
(∫
H
˜µ (v,rh)Taeξ a(dr)e
)
.(78)
APPENDIX B: DERIVATION OF THE SECOND ORDER
VARIATIONAL IDENTITY
In this Appendix, we would like to calculate the second-
order variational identity in Eq. (41). Using the Stoke’s theo-
rem and the property of the hypersurface Σ, the integral form
of the second-order variational identity can be decomposed as∫
Sc
δ
[
δQξ −ξ ·Θ(φ ,δφ)
]−∫
B
δ
[
δQξ −ξ ·Θ(φ ,δφ)
]
+
∫
H
δ 2Cξ +
∫
Σ1
δ 2Cξ +
∫
Σ1
δ
(
ξ ·Eφδφ
)
+
∫
H
δ
(
ξ ·Eφδφ
)−EH (φ ,δφ)−EΣ1(φ ,δφ) = 0 .
(79)
Since the perturbation that comes from the matter fields is van-
ishing on B, the second term in Eq. (79) can also be neglected.
With similar calculation as Appendix A, using the specific ex-
pression of the metric in Eq. (11), one can derive the inte-
grated of the gravitational part of the first term in Eq. (79)
as
δ
[
δQGRξ −ξ ·ΘGR(φ ,δφ)
]
=
d
dλ
[
dQGRξ (λ )
dλ
−ξ ·ΘGR
(
φ(λ ),
dφ(λ )
dλ
)]
λ=0
=
1
4pi
(
δ 2M+
r3δ 2Λ
6
− δQ
2
r
− Qδ
2Q
r
)
sinθdθ ∧dφ .
(80)
9Integrating it on the cut-off sphere Sc, we can obtain∫
Sc
δ
[
δQGRξ −ξ ·ΘGR(φ ,δφ)
]
= δ 2M−Vcδ 2P . (81)
For the electromagnetic part of the first term, according to
(76), we have
δ
[
δQEMξ −ξ ·ΘEM(φ ,δφ)
]
=
d
dλ
[
dQEMξ (λ )
dλ
−ξ ·ΘEM
(
φ(λ ),
dφ(λ )
dλ
)]
λ=0
=− 1
8pi
abcd(δ 2FcdAeξ e+δFcdδAeξ e)
=
1
4pi
Qδ 2Q
r
sinθ(dθ)a∧ (dφ)b− 18pi abcdδF
cdδAeξ e .
(82)
Therefore, the integral of the electromagnetic part of the first
term becomes∫
Sc
δ
[
δQEMξ −ξ ·ΘEM(φ ,δφ)
]
=−Y (φ ,δφ) , (83)
where we have denoted
Y (φ ,δφ) =
1
8pi
∫
Sc
abcdδFcdδAeξ e . (84)
Combining Eq. (81) with Eq. (83), the integral result of the
first term in Eq. (79) can be expressed as∫
Sc
δ
[
δQEMξ −ξ ·Θ(φ ,δφ)
]
= δ 2M−Vcδ 2P−Y (φ ,δφ) .
(85)
For third term in Eq. (79), according to the result in Eq. (71),
we can directly get∫
H
δ 2Cξ =−δ 2
(∫
H
˜µ(v,rh)Taeξ a(dr)e
)
−ΦH δ 2Q .
(86)
For the fourth term of Eq. (79), according to Eq. (66), we can
further obtain∫
Σ1
δ 2Cξ =
∫ rc
rh
r2δ 2Λ
2
dr = (Vc−VH)δ 2P . (87)
Analogous to the calculation in Appendix A, for the integrated
of the fifth term, we have
δ
(
ξ ·Eφδφ
)
=
d
dλ
[
ξ ·Eφ (λ )dφ(λ )dλ
]
λ=0
=
1
2
ξ · d
dλ
[
T ab(λ )
dgab(λ )
dλ
]
λ=0
=
1
16pi
ξ · d
dλ
[
Λ(λ )gab(λ )
dgab(λ )
dλ
]
λ=0
,
(88)
where we have used the conditions (63) on Σ1. Using Eq.
(65), we can easily see that the integrated is equal to zero.
Therefore, the fifth term vanishes in Eq. (79) . The sixth
term in Eq. (79) can be neglected directly because the Killing
vector contracting with the volume element is equal to zero on
the event horizon. For the seventh term in Eq. (79), since the
symplectic current can be decomposed as the part of gravity
and the part of electromagnetic, the term can be written as
EH =
∫
H
ωGR+
∫
H
ωEM. (89)
According to the expression of the metric in Eq. (10), the
integral of the gravitational part is given as∫
H
ωGR =− rh
2
∫ v1
v0
dv [δµ(v,rh)∂vδ f (v,rh)
−∂vδµ(v,rh)δ f (v,rh)]
=
rh
2
δµ(v1,rh)δ f (v1,rh) = 0.
(90)
In the calculating process, we have used the optimal option of
the first-order approximation.
On the other hand, to calculate the integral of the electro-
magnetic part, we should consider the specific expression of
the symplectic current of the electromagnetic firstly. Utilizing
the definition, the symplectic current of the electromagnetic
field can be given as
ωEMabc =
1
4pi
dabc
[
δAeLξδFde−δFdeLξδAe
]
+
1
4pi
[(
Lξδdabc
)
FdeδAe−δdabcFdeLξδAe
]
.
(91)
According to the expressions of the electromagnetic strength
and the vector potential in Eq. (11), the index d in the vol-
ume element should contribute the component of r, i.e., (dr)d .
After contracting (dr)d with Fde, we can further obtain a re-
lation (dr)dFde ∝ ξ e. Using this relation and based on the
gauge condition ξ aδAa|H = 0, we find that the last two terms
in Eq. (91) are both equal to zero. Therefore, Eq. (91) can be
simplified as
ωEMabc =
1
4pi
Lξ
(
dabcδAeδFde
)
− 1
2pi
dabcδFdeLξδAe.
(92)
The first term on the right-hand side of Eq. (92) does not
appear in the integral because it only involves a boundary term
which will not contribute to EH . Therefore, the expression of
Eq. (89) can be finally written as
EH =
1
2pi
∫
H
˜(dr)dδFdeLξδAe
=
1
2pi
∫
H
[
˜(dr)aξ bδFacδFbc+(dr)aδFac∇c
(
ξ bδAb
)]
=
1
2pi
∫
H
˜(dr)aξ bδFacδFbc.
(93)
In the last step, we have used the gauge condition ξ aδAa|H =
0. According to the stress-energy tensor of the electromag-
netic, the result of Eq. (93) can be rewritten as
EH = δ 2
(∫
H
˜µ(v,rh)TEMab (dr)
aξ b
)
. (94)
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Finally, combining above results, the second-order varia-
tional identity can be expressed as
δ 2M−ΦHδ 2Q−VHδ 2P= EΣ1(φ ,δφ)+Y (φ ,δφ)
+δ 2
[∫
H
˜µ(v,rh)
(
TEMab +Tab
)
(dr)aξ b
]
.
(95)
APPENDIX C: DERIVATION THE EXPRESSIONS OF
EΣ(φ ,δφ) AND Y (φ ,δφ)
In this appendix, we would like to derive the last rema-
nent terms in the second-order variation identity (43), i.e.,
EΣ(φ ,δφ) and Y (φ ,δφ). Since the two terms only depen-
dent on the first-order variation of the dynamical fields and the
integral just completes on the hypersurface Σ1, we can try to
construct an auxiliary spacetime to calculate them following
the trick introduced in [13]. According to the stability condi-
tion, the spacetime on Σ1 still belongs to the class of RN-AdS
solutions, and the configuration of dynamical fields varying
with the matter fields perturbation can also be described by
the one parameter family λ . Therefore, the metric and elec-
tromagnetic strength for the auxiliary spacetime can be writ-
ten as
ds2RA(λ ) =− fRA(r,λ )dv2+2dvdr+ r2
(
dθ 2+ sin2 θdφ 2
)
,
F (λ ) =
QRA(λ )
r2
dr∧dt,
(96)
with the blackening factor
fRA(r,λ ) = 1− 2M
RA(λ )
r
+
[QRA(λ )]2
r2
− Λ
RA(λ )r2
3
. (97)
However, we assume that the changing behavior of the dy-
namical fields are only described using the first-order varia-
tion in the auxiliary spacetime, and the higher-order variation
does not exist. Following this perspective, the parameters,
MRA(λ ), QRA(λ ), and ΛRA(λ ) can be expanded as
MRA(λ ) =M+λδM ,
QRA(λ ) = Q+λδQ ,
ΛRA(λ ) = Λ+λδΛ ,
(98)
where δM, δQ and δΛ are chosen to agree with the value
of the first-order approximation of the perturbation. Since
the auxiliary spacetime just contains the first-order varia-
tion of the dynamical fields, the relation δ 2MRA = δ 2QRA =
δ 2ΛRA = EH (φ ,δφ) = 0 can be given naturally. It is
not difficult for us to check δφRA = δφ on the hyper-
surface Σ1 which implies that EΣ1(φ ,δφ) = EΣ1(φ ,δφ
RA)
and Y (φ ,δφ) = Y (φ ,δφRA). Therefore, EΣ1(φ ,δφ) and
Y (φ ,δφ) can be straightly derived in this auxiliary space-
time.
Integrating Eq. (31) on Σ1 and using Stoke’s theorem, we
can obtain∫
Sc
δ
[
δQRAξ −ξ ·Θ(φRA,δφRA)
]
−
∫
B1
δ
[
δQRAξ −ξ ·Θ(φRA,δφRA)
]
−EΣ1(φ ,δφRA)+
∫
Σ1
δ 2CRAξ +
∫
Σ1
δ
(
ξ ·ERAφ δφRA
)
= 0 .
(99)
Analogous to the calculating process in Appendix B, and us-
ing the above relation, the last two terms vanish, and the first
term becomes∫
Sc
δ
[
δQRAξ −ξ ·Θ(φRA,δφRA)
]
=−Y (φ ,δφRA) .(100)
So Eq. (99) reduces to
EΣ1(φ ,δφ
RA)+Y (φ ,δφRA)
=−
∫
B1
δ
[
δQRAξ −ξ ·Θ(φRA,δφRA)
]
.
(101)
According to Eqs. (82) and (80) and considering the gauge
condition ξ aδAa = 0 on H , the integral in Eq. (101) can be
given as
EΣ1(φ ,δφ
RA)+Y (φ ,δφRA) =
1
4pi
∫
B1
δQ2
r
sinθdθdφ
=
δQ2
rh
.
(102)
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